( 1) v" = f(t,v,v')t has a solution n = >?(£) joining two given points p and q, provided that y satisfies certain continuity restrictions and that q lies in a properly chosen region in the vicinity of the point p. The constants of integration are then the coördi--nates of p and q. In the following pages it is proposed to discuss the character of the solution as a function of these coordinates, and to extend Picard's theorem/ to the equation x y -x y P = (x'2 + y'*)i'
In § 3 an application is made to the problem of minimizing the integral 7= I F(x, y, x, y')dt taken along a curve in the form (3). It is shown that a finite closed region S of the (x, y)-plane and a constant S > 0 can be found, such that any two points [April of S whose distance is less than 8 can always be joined by a continuous extremal of the problem with a continuously turning tangent, and this extremal minimizes the integral /.
In his lectures* on the calculus of variations Weierstrass used the first part of this result for the purpose of constructing a field in the neighborhood of a given point.
The theorem also plays an essential role in the recent existence proofs of Hilbert f and Noble $ in the calculus of variations. So far as is known to the writer, however, no proofs have been given.
In the proof of § 3 Hilbert's notion of the invariant integral has been extended to the problem of the calculus of variations for curves in parametric representation. § 1. The character of Bicard's solution.
Suppose that the function/"in equation (1) and a positive constant 11| exist with the following properties : 1) <p,<p', <p" are single-valued, continuous, and have continuous first partial derivatives with respect to £0, n^, v'¡¡ f°r all points (£0, v0, %) in B0, and for ¡f-e.r<'s 2) v = <f> is a solution of the equation (1), such that n, n' have the initial values n0, % for f = fQ, and (£, n, n') lies in B;
3) r¡ is the only continuous function of £ with continuous derivative on the interval | £ -£0| < I, which has the properties described in 2).^[ »Summer, 1879. || I is the smallest of the quantities <i, b/M, 2ft' -b'0/M.
TfFor the existence of the function (5), see, e. g., Picaro, Traite d' Analyse, vol. 2, chap. 11 ; for the uniqueness, and existence of derivatives with respect to the constants, see especially Peano, Atti di Torino, vol. 33 (1897) , p. 9. Other references are given by Painlkvé, Consider now another point (£15 nx) besides (f0, n0). If t;0 can be so determined that
then the corresponding solution (5) will pass through both points. If furthermore dcp(^x, £0, r¡0, v0)/^v'o 4= 0» *nen equation (6) can be solved for rj'0 as a function of f , n0, f,, i/lS and solutions of (1) will be determined which pass through any two points in the neighborhoods of the two originally considered.
From the results of Picard * it follows that when (¡;x, vx)iS properly chosen, there is one and only one solution r)'0 of (6). The region about ( |0, r¡0 ) 
Kfc-fcS«, \Vx-Vo\^(Çx-!-0)b', then there exists a continuous solution of (1) with a continuous derivative on the interval £0 = f = ¡;x, which joins ( f0, n0 ) with ( f,, r¡x ). This solution lies entirely within Rx, and is the only one with the given properties even in R. The initial value v'0 so defined satisfies the inequalities (4) and is the desired solution of equation (6). Furthermore, u = d<b(i;, £0, n0, V0)l^'rl'0 cannot vanish for such a value of n'0 when £ = Cx. It is, namely, a solution of the equation f The form of statement here given differs slightly from PlCABD's. JLoc. cit. p. 100. It is important to notice that the Picard coefficients an, ba are continuous, and that the interval on which the existence proof can be made for his equations (E), is the same as the interval for the original equations.
[April It follows then from the foregoing and from the theorems on implicit functions * that (6) can be solved for v'0, and that the resulting function of f0, i;0, fx, nx is single-valued, continuous, and has continuous first partial derivatives for all values of £0, n0 which satisfy (4), and of fn yx which satisfy (7). After substitution of this function in (5) 2) v = yjr solves equation (1), has the initial and end-values t)0 , nx at |0 and |j, and the points (f, v, v') defined are all in B;
3) v is the only continuous function of £ with a continuous derivative on the interval £0 = £ -£ i » which has the properties described in 2). § 2. Extension of the preceding results.
In order to extend the results of § 1 to the equation (2), suppose 1) G is continuous with continuous first partial derivatives when (x, y) lies in a certain finite closed region Sx of the (x, y )-plane, and x , y' are any values not both zero ;
2)
G(x,y, kx', Ky') = G(x,y,x',y') (">0),t for all points (oe, y, x', y' ) described in 1).
If & is a closed region entirely interior to S., a positive quantity 8 can be found such that any two points B(x0, y0) and Q(xx, yx) of S, whose distance BQ is less than 8, can be joined by a continuous solution of (2) with a continuously turning tangent.
To prove this, the (x, i/)-plane can be transformed into a (£, i;)-plane by translation and rotation, so that F goes into the new origin and the line BQ into the new £-axis.
Equation (2) where Y has the properties 1) and 2) with respect to a region 2t, the transform of 8X. On account of 2), £ can be choosen as the independent variable, so that (10) takes the form (11) r," = (l+r)'2)ÎY(l;,rl,\,n')=f(J;,rl,-n').
Since 8 is entirely interior to Sx, a. positive constant e exists such that a circle of radius e about any point of S lies also entirely within 8X. A region R for the equation (11) is then defined by selecting 6' arbitrarily and taking (12) 2a = 26 = -6=..
The values of the constants M, a, ß are independent of the choice of P and Q in 8, and can be determined as follows.
The absolute values of G and its derivatives have a maximum JV when (x, y) lies in Sx and x + y' = 1. The corresponding maxima for r, Y^, Y^, are easily seen to be not greater than N, 2N, 2N respectively.
On account of 2) the absolute values of Y, Yv do not exceed these constants when £', n' take any values whatsoever which are not both zero. But r"<(£> v, *f»«0 --iV(f' v, %', v'), and therefore 22V (13) \r,,(t,v,t',v')\< V?2 + V'2 whatever (%',n') J{= (0,0) may be. The values of M, a, ß are obtained from the following inequalities, derived with the help of (13) :
The following notations will be used ; s = the length of arc measured from P along a solution (3) passing through P ; t b the angle between the positive x-axis and the direction of the tangent for increasing s ; r = the length of the radius vector from P to the point of the solution corresponding to s ; # = the angle between the positive oe-axis and the radius vector. Suppose now 8 > 0 determined as in § 1 for the equation (11), and that the distance from P to Q is less than 8. Then it follows that there exists one and (14) \rsm(ir-&x)\<2b, [sin (t -dx)\ < ---.
V\ + 4b'
The constant 8 can be further restricted, however, so that every continuous solution of (2) with a continuously turning tangent, which joins F and Q and lies entirely within a circle of radius 8 about F, must satisfy the inequalities (14). Consequently there can be but one such solution in the whole circle. The former of the inequalities (14) is easily seen to be true, for from ( Aj) and (12) |r sin (ê-âx)\< 8 <a = 6.
In order to make the second inequality hold true, the equations of the curve (8) Since dr'/ds vanishes for « = 0, the last inequality shows that dr^/ds and therefore r constantly increase with s, when s remains on the interval (17) O^s^-jf. It has been proved therefore that there is one and but one continuous solution of (2) with a continuously turning tangent, which joins P and Q and lies entirely within a circle of radius 8 about P, provided that 8 satisfies (A,), (A2) and ( A3 ). If the length s along the arc P Q is taken as parameter, the equations of this solution can easily be found.
The relations between the (x, y)-and (£> V )-coördinates are (20) x = x0 + | cos #, -n sin dx, y = y0 -f £ sin #j -f r¡ cos #,, and the relation between £ and s is 'Î (2i) rVi+v2^=
On account of the theorems on implicit functions and the properties of (9), the equation (21) where the function £, together with its derivatives £', f", is continuous and has continuous first partial derivatives with respect to £0, rj0, £,, yx for all points (£o' %) an<^ (fi» ''i) witbi11 small circles about (0,0) and (rx, 0) respectively, and for (23) oms^sx= f vT+yT his function | can now be substituted in (9), and then both (22) and (9) in (20).
The resulting equations give all the solutions of (2) joining points in the neighborhood of F and Q. If £0, r¡¡¡, £x, nx are replaced by their values in (x, y)-coördinates, it follows that there exist two functions (24) x = g(s,x0,y0,xx,yx), y = h (s, x0, y0, xx, yx) with the properties : 1) g', g", h', h" exist and with g, h are single-valued and continuous, and have continuous first partial derivatives with respect to x0, y0, xx, yx for all values of the five arguments such that a) (xt>i vo) is in £> and V(xx -x0)2 + (yx -y0)2 < 8, b) 0^8 = «,;* 2) the curve defined by (24) lies entirely in a circle of radius 8 about (x0,y0), solves equation (2), and passes through (xa, y0), (xx, yx) for s = 0 and s = sx respectively ;
3) this is the only continuous curve with continuously turning tangent which has the properties described in 2). § 3. Application to the calculus of variations.
In the integral / suppose that the function F is continuous with continuous first, second and third partial derivatives, and that (25) F(x,y,Kx',icy') = icF(x,y,x',y') («>0 for all points (x, y) in a finite closed region Sx of the (x, y)-plane, and for any values of x', y' which are not both zero. Euler's equation for / is (27) Fiyl -Fx,y + Fx(x'y" -x"y') = 0,* or P (x +y' fFx which has the properties of equation (2) in the region 8X. Any two points P(x0, y0) and R(x2, y2) in a region 8, and such that the distance PR is less than 8, can therefore be joined by an extremal ©, one of the set (24). Let ß denote any other continuous curve of the form (3) joining P and R, and consisting of a finite number of pieces, each of which has a continuously turning tangent.
Then it is desired to prove that Is, the value of / taken along © from P to R, is smaller than the value /s taken along 6.
Suppose that the curve 6 passes through P for t = t0 and through R for t = t2, and in the integral {x Fp(x, y, p, q) + y'Fq(x, y, p, q)} dt,-\ let p and q be functions of as, y defined by the equations P(x,y) = V' (sx,os0, y0, x,y), q(x, y) = h'(sx, x0, y0, x, y), in which x0 and y0 are kept constant and xx, yx are replaced by x, y. Then the value II is independent of the curve 6. For if U, V represent the coefficients of x , y' in the integrand respectively, the criterion for independence of path is that ÔU _dV (28) is the left hand side of (27) with x and y replaced by the functions (24) in which, furthermore, s= sx. It vanishes identically in * and y. Consider the difference A/= Je -/,. On account of (25) F ( w Aj_ a-pi"*v)> w ,. ,¿-g(«»y) y x +y V p + q along the whole arc PQ of ©. It follows from this equation that © has a continuously turning tangent and solves equation (27) . The curvature of © is, namely, from the last two equations, -= P(l,P + ?"?) -9ÍP.P +Pyl)-Therefore © and © must coincide on account of the uniqueness of the solution determined by P and Q.
The following theorem has been proved : The function F in the integral I is supposed to have the properties described at the beginning q/* § 3, when (x, y) is in a finite closed region Sx of the (x, y)-plane and for all values of x , y' which are not both zero.
8 is a closed region interior to 8X.
Then a positive quantity 8 can be determined such that any two points P and R of S, whose distance is less than 8, can be joined by one and only one continuous solution of Euler's equation which has a continuously turning tangent and lies entirely in a circle of radius 8 about the point P.
This solution gives to la smaller value than any other continuous curve which 1) joins P and R, 2) lies in the circle, and 3) consists of a finite number of pieces, each of which has a continuously turning tangent.
If the hypothesis, F> 0 for all values of x, y, x , y' such that (x, y) is in 8X and x , y' are not both zero, is added, then a still stronger statement can be made concerning the extremal PQ.
Each one of the extremals (24) has a direction t0 at the point P and the set can therefore be represented in the form (29) x = g(s,x0,y0,r0), y = h(s, x0, yg, t0).
By reasoning similar to the preceding for equations (24), it can be shown from the results in § 1 that these functions, together with y', Ti , g", h", are continuous and have continuous first partial derivatives with respect to cc0, y0, rQ for all values of (a;0, y0) in the region S, of t0 such that
and of s corresponding to points in the circle of radius 8 about P. Suppose m > 0 to be the minimum of i^when (x, y) is in the closed region 8X and x + y' ■■ 1. Points on the circumference of the circle of radius 8 are defined by values s = 8, and consequently the value of / taken along an extremal from P to the circumference is = m8.
It follows that if i satisfies is a closed continuous curve ©.* about the point F and has a continuously turning tangent. Furthermore the extremal joining P with any other point interior to 6; gives to / a value less than i.
If B is a point within the curve 6mä, then the extremal PB gives I a smaller value than that given by any other curve ß whatsoever joining B and B in Sx. For the extremal minimizes /with respect to all curves joining B and B and lying in the circle of radius 8 about B.
Any other curve 6 which crosses the circle must also intersect the curve 6m{, and at the point of intersection the value of / will already be as large as md.
Since F> 0, it follows that the value of /taken along the whole arc from B to B must be still greater.
It remains to show that a positive constant 8X can be found such that a circle of radius 8X about any paint P of the region S lies within the corresponding curve ©mJ; that is to say, the minimizing property holds uniformly over the whole region S.
This follows because from (18) and (32) the radius vector of any point on G"l6 satisfies the inequalities »"= V §*(vmS)ai/ §D=8, where M is the maximum of F in the region Sx.
An important illustration of the preceding results is furnished by the geodesic coordinates upon a surface.
In this case the integral is where the surface is taken in the form (33) x = x(u,v), y = y(u,v), z=z(u,v), ♦These curves are the so-called "transversals," Kneser, loc. cit., p. 32.
and E, F, G have the usual meaning. If in the (u, i>)-region considered the surface has no singularities, and the functions (33) have continuous first and second partial derivatives, then the function under the integral sign satisfies all the hypotheses of § 3, and also F> 0. The set of extremals (29) is the totality of geodesic lines through the point P ; the curves (&i are the geodesic circles about that point; and the geodesic coordinates are t0, i.
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